We provide a new class of Z N × Z M heterotic orbifolds on non-factorisable tori, whose boundary conditions are defined by Lie lattices. Generally, point groups of these orbifolds are generated by Weyl reflections and outer automorphisms of the lattices. We classify abelian orbifolds with and without discrete torsion. Then we find that some of these models have smaller Euler numbers than those of models on factorisable tori T 2 × T 2 × T 2 . There is a possibility that these orbifolds provide smaller generation numbers of N = 1 chiral matter fields than factorisable models. *
Introduction
The standard model is a remarkably successful theory which explains experimental data with good accuracy. It is a chiral gauge theory with the gauge group SU(3)×SU(2)×U (1) and three generations of quarks and leptons. On the other hand, we can not answer why there exist three generations of matter, and dark matter in the universe. It is a challenging issue to elucidate the origin of parameters of the standard model, and to understand the deep structure of nature. Superstring theory is a most promising candidate to give the explanation. Heterotic orbifold constructions are interesting attempts to realize realistic string models [1, 2] . Some of N =1 supersymmetric models include three generations of chiral fields with SU(3)×SU(2)×U (1) n . In spite of such a nice feature, it seems difficult to derive realistic Yukawa matrices. So as to reproduce the complete spectrum, it is important to study new types of compactifications.
Most of heterotic orbifold models constructed so far are based on abelian discrete groups Z N and Z N ×Z M [3, 4, 5] . These abelian orbifold models are classified by Coxeter elements, which are subgroups of Weyl group of Lie lattice [6] . In Z N × Z M Coxeter orbifold models the compact spaces are factorised to T 2 × T 2 × T 2 . However the geometry of compact space would be non-factorisable in general, just like Calabi-Yau threefold. Recently nonfactorisable Z 2 × Z 2 orbifold models of E 8 ×E 8 heterotic string are examined [7] 1 . Due to the tilted structure of compact space the fixed tori by Z 2 action have nontrivial geometry, and the number of fixed tori can be less than that of factorisable models. In some cases the structures of Yukawa interactions are also changed [8] .
We find that Z 2 × Z 3 , Z 2 × Z 4 and Z 4 × Z 4 non-factorisable orbifolds are allowed by automorphisms of Lie lattice and have N = 1 chiral massless modes. Z N × Z M orbifold models with N, M ≥ 2 allow the addition of discrete torsion [9] , and the generation numbers of matter can be significantly reduced [10, 11] . We classify these new abelian orbifold models in the standard embedding of gauge group with and without discrete torsion, and find some of these models have different Euler numbers from the factorisable case.
The paper is organized as follows. In section 2 we review the heterotic orbifold, and some conditions for model buildings. In section 3 we give an example of Z 2 × Z 2 orbifold model, and explain the idea of non-factorisable orbifold. Section 4 addresses model building of Z N ×Z M orbifold. We give some examples and detail calculation of these models. Section 5 is devoted to conclusion and discussions. All results of Z N ×Z M models on non-factorisable tori are listed in appendix A, and tables would be convenient for future works. Appendix B contains the basics of Weyl reflection, Coxeter elements and their explicit representations. By the use of these representations, we construct all point group elements of orbifold in our paper. 1 In context of crystallographical symmetry some non-factorisable models are presented in [2] .
2 Automorphism of Lie lattice
Weyl reflection and orbifold
We compactify six dimensions on a torus T 6 in order to construct four dimensional models. T 6 is obtained by compactifying R 6 on a lattice Λ,
Points in R 6 differing by a lattice vector L ∈ Λ are identified as follows,
In heterotic string construction, the resulting spectrum has N = 4 supersymmetry. This theory is non-chiral, and there is no matter field with bi-fundamental representation. One interesting way to obtain a chiral theory with N = 1 supersymmetry is orbifold [1, 2] . An orbifold is defined to be the quotient of a torus over a discrete set of isometries of the torus, called the point group P , i.e.
Here S is called the space group, and is the semidirect product of the point group P and the translation group. In this paper we consider the case that Λ is generated by Lie lattice. For any simply laced Lie group of rank l and dimension d, the Lie lattice is given as
The point group of orbifold must be automorphisms of the lattice. The automorphisms of the Lie lattice can be realized by Weyl reflection and outer automorphism which includes graph automorphism of Dynkin diagram. The Weyl group W is generate by the following Weyl reflections
The point group, θ and φ, of Z N × Z M orbifold on Lie lattice can be defined by two commutative elements from Weyl group and outer automorphism G out , i.e.
θ, φ ∈ {W, G out }.
Here, Weyl reflections r α ∈ W and outer automorphisms g ∈ G out generate larger group than W, then we write this group as {W, G out }. If we select pairs of elements θ, φ as the generators of point groups, we can construct hundreds of Z N × Z M orbifold models 2 . However in Z 2 × Z 2 models there are only 8 classes [8] , which have different numbers of twisted sectors. This is because the six dimensional tori in Z 2 × Z 2 models are decomposed to two or three dimensional tori by continuous deformation of geometric moduli, and the numbers of fixed points or fixed tori by Z 2 action on these decomposed torus is 1,2, or 4. The other Z N × Z M orbifold models are also classified to several classes as we will see. The idea of non-factorisable orbifold can be understood easily by two dimensional example. The Cartesian coordinates e 1 and e 2 are given by
We call this basis as the SO(4) root lattice. The basis of SU(3) root lattice is given by simple roots,
We choose the orbifold action as,
When θ acts on the SO(4) root lattice, there are two fixed tori and θ-twisted sector strings live on these tori. On the other hand, θ action on SU(3) root lattice generates only one fixed torus, because two lines in figure 1 are connected owing to the tilted structure of lattice. The SU(3) model has only a half number of twisted sectors than that of SO(4) model, and is a simple example of non-factorisable orbifold. This mechanism can be applied to higher dimensional Lie lattices, and generally the torus can not be factorised to
We classify all Z N × Z M orbifold on SU(N) and SO(N) Lie lattice 3 .
Supersymmetric condition
One can always choose diagonal basis for θ on SO(6):
Then the eight eigenvalues of θ acting on the spinor of SO (8) are e πi(±a+±b+±c) . To preserve N = 1 supersymmetry at least two of them should be left invariant. For convenience we list the thirteen shift vectors (|a|, |b|, |c|) which are allowed by these conditions [2] .
(|a|, |b|, |c|) Table 1 : The shift vectors of point group θ, which satisfy the tachyon free condition.
In this paper Z 2 × Z 2 , Z 2 × Z 3 , Z 2 × Z 4 and Z 4 × Z 4 models are investigated. In following models, we can always select the shift vectors v (w) of point group elements
where n, m = . This projects out six components of the spinor, and leaves two chiral spinors | ± ( ) invariant. Then N = 1 supersymmetry will be unbroken in four dimension.
A point group element of Z N orbifold, which has no eigenvalues equal to 1 when acting on the six dimensional Lie lattice, is called non-degenerate. These elements which are generated by Weyl reflection on six dimensional Lie lattice, are classified by Carter diagram in ref. [13] . In Appendix.B we review Carter diagram and Coxeter elements shortly.
Modular invariance and discrete torsion
Heterotic orbifold models must satisfy some consistency conditions required by the modular invariance. The modular invariance guarantees the anomaly cancellation in low energy theory [9] . For Z N orbifolds with prime N, the level matching conditions are necessary and sufficient for modular invariance to all loops of string amplitude. For the θ k φ l -twisted sector, the level matching condition is
where N ′ is the order of the twist θ k φ l , and V and W are the shift vectors in gauge sector associated to θ and φ respectively. In our paper we consider E 8 ×E Thus the level matching condition is trivially satisfied in the standard embedding. This corresponds to embedding the spin connection in the gauge connection.
Turning on background antisymmetric field B µν on the torus it introduces phases to string state [9] [10] . This effect can be described by the general form of one-loop partition function,
The phase ǫ(θ, φ) is called discrete torsion. In a Z N orbifold these phase are fixed by oneloop modular invariance. On the other hand in Z N × Z M orbifolds, where M is generally divisible by N, the phase is restricted to N-th root of unity,
Then the phases for general twisted sectors are given by
For orbifolds with non-prime N, we need to generalize the GSO projection [10] . The number of θ k φ l -twisted states is given by
whereχ is the number of points left simultaneously fixed by θ k φ l and θ t φ s . If θ k φ l leaves unrotated some of the coordinates,χ must be calculated using only the sub-lattice which is rotated. ∆(k, l; t, s) is a state dependent phase. In the case of standard embedding it is given by
where P (k,l) indicates a contribution of oscillators. p is momentum of the E 8 ×E ′ 8 gauge sectors, and q is H-momentum of the twisted states.
The generalization of the Euler characteristic of Z N orbifold is given by
where χ is the number of points left simultaneously fixed by θ k φ l and θ t φ s . The number of generations is equal to χ ǫ /2. In section 4, we construct orbifold models for allowed values of ǫ.
3 Z 2 × Z 2 orbifold: Factorisable VS non-factorisable Z 2 ×Z 2 orbifold is phenomenologically interesting model, because some three generation models are presented with the aid of Wilson lines, and three generations may be associated to three complex dimension of compact space [4] .
In heterotic orbifold model there are two classes of string states. One is untwisted sector in bulk and the other is twisted sector which localizes at fixed torus. The chirality of untwisted sector of Z 2 × Z 2 is left-right symmetric, so it does not contribute to the number of generations. The number of zero modes of twisted sector is related to the number of fixed tori. In a factorisable model with the action θ and φ, whose shift vectors are v = (
, 0) and w = (0,
) respectively, the number of tori of θ-twisted sector is 4 2 , because there are four fixed points in the first and second tori, and the third torus is free from the action of θ. Therefore the total number of zero modes of three twisted sectors is 48, and this corresponds to the generation numbers of N = 1 chiral matter which have gauge charge 27 ∈ E 6 in the standard embedding.
We can confirm this result by calculating the Euler number, because the number of generations is equal to a half of Euler number [1] ,
where χ g,h is the number of fixed points by action g and h, and N is the order of point group. For Z 2 × Z 2 orbifold, this equation is simplified to
Here, χ θ,φ is the number of points left simultaneously fixed by θ and φ, and is equal to 4 3 . Then we have χ = 96, and this agrees with the former result.
In the case of non-factorisable model it is easier to use Lefschetz fixed point theorem [7] . The number of fixed tori (#FT) of θ-twisted sector is
where N is the lattice normal to the sub-lattice invariant by the action.
As an example we consider the orbifold model on SU(3)×SO(8) root lattice, whose basis is given by simple roots, 
The common fixed points by the actions of θ and φ are,
, 0, 0, 0,
, 0,
where the underlined entries can be permuted. This leads to χ θ,φ = 16 and χ = 24. Then the generation number is twelve. We can reconfirm this result by counting the number of fixed tori as follows. There are four independent fixed tori of the θ-twisted sector,
Note that these tori are identified by the sub lattice (1 − θ)Λ. The θφ-twisted sector also has four fixed tori. In the φ-twisted sector there are eight fixed tori,
Then the total number of tori is 16, and does not match the generation number. This is because two of fixed tori of the φ-twisted sector are not invariant by the action of θ. On the SU(3) torus in figure 2, there are four fixed points, and can be labeled by shift vector, v = nα 1 + mα 2 , n, m = 0, 1. The θ-invariant states are
These are charged matter of representation 27. We can take linear combination of remaining two states as eigenstates of action of θ, where ±1 denote the eigenvalue of these states under the action of θ. The phase of physical states should be cancelled with ∆-phase (18). These are the same chirality states with the charge of representation in 27 and 27 respectively, and they do not contribute to the number of generations [7] . The generation number from the φ-sector is four, and we have twelve generations from three twisted sectors, which is equal to a half of χ. This is significantly small compared to the generation number of factorisable model. The diminution of fixed tori and fixed points in SU(3) torus can be seen in figure 3 . In this figure the basis of the SU(3) root lattice is changed to α 1 + α 2 and α 1 , and that makes it easier to draw the orbifold action. In this figure we can see that the decrease of θ fixed tori of the non-factorisable model is related to direction which is left invariant by the action of θ. Therefore the diminution does not occur in non-degenerate orbifold such as Coxeter orbifold which rotates the whole space of T 6 .
4 Z N × Z M non-factorisable orbifold
As we have seen in Z 2 × Z 2 model, the number of fixed tori on non-factorisable orbifold is less than that of factorisable model due to the topological difference of fixed tori. The following shift vectors of point group elements which generate tori are (0,
), (0,
are called degenerate. That means some eigenvalues of the point group element are equal to one. Then the model has N = 2 supersymmetry and non-chiral. In order for the resulting orbifold model to have N = 1 supersymmetry the point group of orbifold should be Z N × Z M , and this is totally non-degenerate. We can embed some of these point group elements to non-factorisable tori. Non-factorisable tori are defined by root lattices. Lie lattice of SO(2N) are given by the simple roots,
. . .
and simple roots of SU(N) are
For simplicity we use the basis for SU(2) root lattice,
Hereafter we use direct sum of these simple roots for the basis of compact space T 6 .
Z 2 × Z 4 models
As an example we consider a model on SO(12) root lattice, which is the case that N = 6 in (32). The only consistent point group action on this lattice, except its conjugate representation, is 
We count the number of states with representations 27 and 27 by the use of the coordinates of fixed points and fixed tori 4 . The θ i φ j -twisted sector T ij localizes at fixed points or tori as follows,
, x, y).
In the orbifolds of Z N with non-prime N, the physical state of θ k -sector is generally linear combination of state at fixed points by the action θ k [11, 6] . If f k is a fixed point of θ k such that l is the smallest number giving θ l f k = f k + u, u ∈ Λ, then the eigenstates of θ are
with γ = 2π/l, p = 0, 1, · · · , N − 1. Then the physical states of T 01 sector by orbifold are linear combinations of them, ) , 4 In this approach we can observe the twisted states explicitly. However we can systematically count these numbers by (17).
where ±1 denote eigenvalues under the action of θ. Then there are six states of 27 ∈ E 6 , but the negative eigenvalue state does not make 27 state because it does not cancel the ∆-phase (18). In this way we confirm the number of 27 states is 34, and that of 27 states is 0. The untwisted sector is the same as factorisable model, that is h 1,1 untwisted = 3 and h 2,1 untwisted = 1. This is because the untwisted sector is determined by local action of orbifold and not affected by global structure of Lie lattice.
This result is confirmed by the Euler number (20),
Here, χ −1 /2 is the generation number of the model with discrete torsion ǫ = −1. The fixed points by the action of θ and φ are (0, 0, 0, 0, 0, 0), (1, 0, 0, 0, 0, 0), ( , 0, 0,
( , 0, 0), (0, 0, 0, 0, 
).
As a result we have χ θ.φ = 8, χ 1.θφ = 16 and χ θ 2 .φ = 32. The generation numbers in these models are χ/2 = 36,
This result is different from that of factorisable tori SO(4)×SO(4)×T 2 , i.e. χ/2 = 60 and χ −1 /2 = 12. All other models on non-factorisable tori are listed in Table 3 of Appendix.A.
Z 4 × Z 4 models
The basis of six dimensional tori SO(12) is given by (32). In SO (12) 
The θ i φ j -twisted sector T ij localizes at fixed points or tori as follows, , ±
), (
, 0, 0, 0, 0), ( +12(χ 1.θφ 2 + χ 1.θφ 3 + χ 1.θ 2 φ ) + 6χ θ 2 .φ 2 },
Here, χ −1 /2 and χ ±i /2 are equal to generation numbers of the models with discrete torsion ǫ = −1 and ǫ = ±i respectively. We can calculate these quantities in a similar manner with the former section, and the result is
and the generation numbers in these models are obtained as
This result is different from that of factorisable tori SO (4)×SO (4)×SO (4) The point group actions are the same as that of (44). However the number of fixed tori is different from that of SO (12) lattice. The numbers of fixed points are
and the generation numbers of these models are obtained as
These are all models which are allowed in the Z 4 × Z 4 orbifold on Lie lattices.
Z 2 × Z 3 models
The point group elements θ, φ of Z 2 × Z 3 orbifold can be expressed by one element θφ ∈ Z 6 which is non-degenerate. Let ω be defined by ω ≡ θφ. Then we have θ = ω 4 and φ = ω 3 . This implies Z 2 × Z 3 orbifold is essentially non-degenerate and does not provide new models which have different Euler number compared to factorisable model. The Euler characteristic of Z 2 × Z 3 orbifold is evaluated by (20), and it is simplified to χ = 4χ 1.ω .
We see that only non-degenerate element ω ∈ Z 6 contributes to the generation numbers of these models. However the Hodge numbers are dependent on lattices as we see below.
For example the basis of six dimensional tori SO(6)×SU (3)×SU (2) is given by 
In SO(6) root lattice subspace there is only one fixed tori, which is depicted as figure 4 . The Hodge numbers are calculated as h (3) 3 root lattice. Similarly the other two Z 2 × Z 3 models are examined, and the results are listed in Appendix A. The non-factorisable models are not same orbifolds as factorisable one and the structure of Yukawa coupling can be different from the factorisable model. Figure 4 : Z 2 × Z 3 non-factorisable orbifold. Circles are points on the θ fixed tori which are parallel to z-axis. Red colored line on z-axis is a fixed tori by θ action, and we can see two circles are on the line. Due to lattice structure all circles are on the same fixed torus. So there is only one fixed torus in θ-twisted sector.
Conclusion and discussion
In this paper we have generalized Z 2 × Z 2 non-factorisable orbifold [7] to Z N × Z M , and show that it provides new classes of abelian orbifolds. In Appendix A, we give fairly complete classification of non-factorisable abelian orbifolds on SO(N) and SU(N) root lattices. The generation numbers of the models χ ǫ /2 are always multiples of 12. As we have explained in sections 3 and 4, the Euler numbers of non-factorisable orbifolds are smaller than that of factorisable models. This will be favorable for phenomenological motivation to have three generation matter. Moreover the Yukawa coupling can be changed in non-factorisable models [8] , and there is a possibility to realize the quark and lepton mass matrix with appropriate mixing.
To construct realistic orbifold heterotic string, introducing Wilson lines will be important. It is interesting to look for realistic models using the techniques introduced in this paper. There may be correspondence between Z N × Z M non-factorisable orbifolds and the free fermionic models of heterotic string. We see that there are wide classes of Z N × Z M orbifolds, and they are interesting in their own right.
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A Non-factorisable orbifold models
In this appendix we list the all non-factorisable models, especially the compactified Lie lattices and their generation numbers. All results of our paper are listed here. We observe the generation numbers of the models χ ǫ /2 are always multiples of 12.
General remark is as follows. If we give the Lie lattice for Z N × Z M orbifold, the point group elements are uniquely determined up to their conjugate representations. Therefore we classify Z N × Z M orbifolds by their Lie lattices. As we include Weyl group and graph automorphisms to the point groups, SU(3) and G 2 root lattices are equivalent, and the same for SO (8) and F 4 root lattices, SO(2N) and SO(2N + 1) root lattices respectively.
We also calculate the generation numbers χ/2 by
where h
untwisted are that of untwisted sectors, and they are independent of Lattice structure.
The result of Z 2 × Z 2 orbifold models are examined in ref [7, 8] . The Euler number is simplified as
The allowed values of discrete torsion are
However these discrete torsions do not make difference of generation numbers, except its sign. For all models, the numbers of zero modes of untwisted sector are
The Hodge number of twisted sectors and the generation numbers of Z 2 × Z 2 orbifold models are listed in table 2. The factorisable model is expressed as T 2 × T 2 × T 2 , because the complex structure of each torus is not fixed by orbifold action.
The Euler number and the number of generations with the discrete torsion are
Lattice ǫ χ h For all models, the number of zero modes of untwisted sector are
The Z 2 × Z 4 orbifold models are listed in table 3. The factorisable model is expressed as SO(4)×SO(4)×T 2 .
A.
The Euler number and the numbers of generations with the discrete torsions are
Lattice ǫ χ h For all models, the numbers of zero modes of untwisted sector are
The Z 4 × Z 4 orbifold models are listed in 
The Euler number is simplified as
The discrete torsion is trivial in this case, i.e.
For all models, the numbers of zero modes of untwisted sector are
The Z 2 × Z 3 orbifold models are listed in twisted are same in non-factorisable models. This implies they are in equivalent class of orbifolds, and connected by continuous deformation of geometric moduli.
B Lie lattice and Weyl group
The basics of Weyl reflection, Coxeter elements and their explicit representations are given in this appendix. The point groups considered so far [6, 11, 12] are generated by Coxeter elements from Cater diagrams or generalized Coxeter elements which include graph automorphisms. We give explicit representations of point group elements generated by Weyl reflections and graph automorphisms of Lie lattices. Besides the generalized Coxeter elements this point group contains non-Coxeter elements. We utilize these elements for point group of our orbifold models.
B.1 Weyl reflection and graph automorphism
The Weyl group W is generated by the following Weyl reflections
where α k is a simple root of the Lie lattice. Convenient basis for simple root of SO(2N) lattice can be set by N elements vectors,
Then the Weyl reflections of these roots are represented by N × N matrices,
for n = 1, · · · , N − 1, and
The graph automorphism g of Cartan diagram is represented as
One can easily find that r αn for n = 1, · · · , N − 1 generate permutation group S N −1 . For example, the product of two Weyl reflections which do not commute each other makes up Z 3 element. Moreover if we add the graph automorphism g ∈ G out to Weyl group, we can change the sign of any matrix elements of S N −1 . Then the orders of group W and {W, G out } are evaluated as table 6. For SU(N − 1), we take the basis of N elements, α n , n = 1, · · · , N − 1, and graph automorphism is given by the following N × N matrix,
We can always diagonalize g by the elements of W, and this is negative of identity matrix,
Therefore the order of {W, G out } is twice as that of W, as in table 6 . 
B.2 Coxeter element
The Coxeter element of the Lie lattice is defined by product of all simple roots,
The other Coxeter elements, which are generated by different ordering of product, are conjugate to one another, and lead to the same class of orbifold.
In general there are other non-degenerate elements generated by Weyl reflections. These non-degenerate orbifold can be classified by the Carter diagrams [13] . The Coxeter elements of SO (8) 
where r α 2 +α 3 +α 4 is a Weyl reflection of the root generated by the sum of simple roots α 2 + α 3 + α 4 . Then the order of D 4 is six, and that of D 4 (a1) is four.
If we add the graph automorphism of Dynkin diagram to Weyl group, we can define generalized Coxeter elements. For example the SO(2N) Lie lattice has graph automorphism g ∈ G out which exchanges the simple root α N −1 and α N , then we can define the generalized Coxeter element, C [2] ≡ r α 1 r α 2 · · · r α N−2 g. 
The order of this element is eight.
In the case of SU (8) lattice there is another graph automorphism g ′ ∈ G out , which permutes α 1 → α 3 → α 4 cyclically. The generalized Coxeter element of this graph automorphism is 
However this graph automorphism does not provide new orbifold in the non-factorisable models.
B.3 General point group element on Lie lattice
In the case of Z N ×Z M orbifolds there are other N = 1 supersymmetric models which are not generated by Coxeter elements, because one element of point group can be degenerate.
We can explicitly see all Z 2 elements of SO(N) lattice are . . .
and its permutations of Cartesian coordinates. The Z N elements are constructed similarly. 
and their permutations. In this way we can construct Coxeter and generalized Coxeter elements of Weyl group easily and intuitively. Similarly all point group elements we use in this paper can be expressed by Weyl reflections and the graph automorphism.
